Phantom Field from Conformal Invariance 



Mokhtar Hassainqj 

Instituto de Matemdtica y Ftsica, Universidad de Talca, Casilla 7^7, Talca, Chile, 
Centra de Estudios Cientificos (CECS), Casilla 1469, Valdivia, Chile. 



and 



in 
o 
o 

(N 

> 
O 

00 



> 
00 



o 

Oh 



X 



We establish a correspondence between a conformaUy invariant complex scalar field action (with 
a conformal self-interaction potential) and the action of a phantom scalar field minimally coupled 
to gravity (with a cosmological constant). In this correspondence, the module of the complex scalar 
field is used to relate conformally the metrics of both systems while its phase is identified with 
the phantom scalar field. At the level of the equations, the correspondence allows to map solution 
of the conformally non-linear Klein-Gordon equation with vanishing energy-momentum tensor to 
solution of a phantom scalar field minimally coupled to gravity with cosmological constant satisfying 
a massless Klein-Gordon equation. The converse is also valid with the advantage that it offers more 
possibilities owing to the freedom of rewriting a metric as the conformal transformation of another 
metric. Finally, we provide some examples of this correspondence. 



INTRODUCTION 



Conformal techniques and conformal invariance have 
been widely used in general relativity, quantum field the- 
ory in curved spaces and in string theories (for a review, 
see e.g. jl|). It is well-known that the massless Klein- 
Gordon action for a scalar field is conformally invariant 
only in two dimensions while in higher dimensions, the 
conformal invariance can be achieved by introducing a 
nonminimal coupling In this paper, we precisely con- 
sider the conformally invariant Klein-Gordon action for a 
complex scalar field ^' in arbitrary dimension with a po- 
tential term that does not spoil the conformal invariance. 
We restrict ourselves to a particular class of conformal 
transformation for which the conformal factor is given 
by a power of the module of the complex scalar field. 
For a particular value of the exponent, we prove that 
the conformally invariant Klein-Gordon action rescales 
to the Einstein-Hilbert action with a cosmological con- 
stant and with a source given by a phantom field. The 
terminology of phantom field refers to the fact that its 
kinetic energy term enters in the action with the opposite 
sign. As shown below, this is a direct consequence of the 
fact that the phantom field is described by the phase of 
the complex scalar field. In the recent literature, phan- 
tom field has been proposed to model the observational 
evidence for accelerating universe, Q and 0. In this 
case, the resulting equation of state parameter is given 
by w = p/p < —1 where p is the pressure and p the 
energy density. In contrast, the usual scalar field theo- 
ries used to model the dark energy as the quintessence 
or the tachyonic scalar fields lead to an equation of state 
cij > — 1 which results as a consequence of imposing the 
dominant energy condition. However, classical tests of 
cosmology do not seem to exclude the regime uj < —I, 
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The correspondence between conformally invariant 
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complex scalar field and the phantom field coupled to 
gravity is also established at the level of the equations 
of motion. More precisely, solutions of the non-linear 
Klein-Gordon equation together with the vanishing of the 
energy-momentum tensor are mapped to solutions of a 
phantom scalar field satisfying a massless Klein-Gordon 
equation and minimally coupled to gravity with a cos- 
mological constant. The converse of this mapping is also 
valid with the advantage that it offers more possibilities 
reflected by the freedom of rewriting a metric as the con- 
formal of another metric. In particular, considering the 
metric as the conformal of itself, the same metric can 
described the spacetime geometry of both systems. 



The clue of this correspondence lies in the conformal 
invariance of the generalized Klein-Gordon action. Hence 
its coupling with standard Einstein gravity will break the 
conformal invariance. However, in three dimensions grav- 
ity governed by the Cotton tensor enjoys the conformal 
invariance and in this case, the correspondence is estab- 
lished with the topologically massive gravity 'F| with a 
cosmological constant and with a phantom source. 



The plan of the paper is organized as follows. We re- 
view the conformally invariant Klein-Gordon action for a 
complex scalar field with a self-interacting potential. We 
explicitly show that this action rescales to the action of a 
phantom scalar field minimally coupled to gravity with a 
cosmological constant. This correspondence is also estab- 
lished at the level of the equations of motion. A particu- 
lar attention is devoted to the three-dimensional case for 
which the conformally invariant Klein-Gordon action is 
interpreted as the source of conformal gravity governed 
by the Cotton tensor. In this case, the system is put 
in equivalence with topologically massive gravity with a 
cosmological constant and with a phantom source. We 
present some examples of this correspondence. Finally, 
an appendix is given in order to explicitly prove the cor- 
respondence at the level of the actions as well their cor- 
responding equations of motion. 
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II. PHANTOM FROM CONFORMAL 
INVARIANCE 



We consider the conformally invariant Klein-Gordon 
action for a complex scalar field in D dimensions, 

+A(*^'*)^), (1) 



where R represents the scalar curvature of the metric, A 
is the potential strength and is the conformal non- 
minimal coupling parameter given by 



A{D-iy 



(2) 



It is well-known that for this specific value the ac- 
tion possesses a conformal invariance for which the 
implementation on the dynamical fields is given by 



2-D 



(3) 



The equation of motion obtained by varying this action 
with respect to the scalar field yields to a non-linear gen- 
eralized Klein-Gordon equation 



2XD 



(4) 



The variation of Q with respect to the metric implies 
the vanishing of the energy-momentum tensor, i. e. 



T, 



(5) 



For later convenience, we decompose the complex scalar 
field into its module and phase as = y^e*^. 

We now show that, under a particular conformal trans- 
formation, the action ^ rescales to the action of a phan- 
tom scalar field coupled to gravity with a cosmological 
constant. Indeed, it is straightforward to see that in the 
conformal frame given by 



(6) 



the scalar field action becomes, up to a boundary 
term. 



R' - 2(- 
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(7) 



We recognize the action of a phantom scalar field min- 
imally coupled to gravity with a cosmological constant. 
We refer to the dynamical field as a phantom scalar 
field since its kinetic term enters in the action Q with 
the opposite sign (we are using the mostly plus signa- 
ture) . In the expression (TJ , the cosmological constant A 



is expressed in terms of the potential strength and the 
conformal nonminimal coupling parameter |(2Jl as 



A 



A 



4A(i:>- 1) 
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The field equations associated to the rescaled action O 
read 



G' 



A 
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We = 0, 



(9a) 



(9b) 



where the energy-momentum tensor i9„i^ is given by 



(10) 



The correspondence is also valid at the level of the equa- 
tions of motion. Indeed, the energy-momentum tensor 
Tfj_^ defined in Eq. jSJ becomes in the new frame © 



G' 



A 
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(11) 



Hence, the vanishing of the energy-momentum tensor 
(|5]) is equivalent to the Einstein equations with phantom 
source (|9all . It can also be shown that the imaginary part 
of the non-linear Klein-Gordon equation Q becomes the 
massless Klein-Gordon equation for the phantom field 
(|9bl) while its real part implies 



R' 
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(12) 



which is a consequence of the Einstein equations H9a(l . 

In sum, we have shown that starting from a complex 
scalar field 4" = ^e^^ and a metric g^i/ satisfying the 
equations (|4I5|I . the rescaled metric © together with 
the phase 9 are solutions of the Einstein equations with 
phantom source @. The converse is also valid with the 
advantage that it offers more possibilities of mapping. 
Indeed, there exists a freedom of rewriting the metric so- 
lution g'^j^ as the conformal of another metric and each 
of these choices will yield to a different solution of the 
Klein-Gordon action by engineering inverse. In particu- 
lar, the same metric can described the spacetime geom- 
etry of both system provided the complex scalar field is 
only giving by a phase term, \E' = e** . 



A. Three-dimensional conformal gravity 

The clue of this correspondence is due to the conformal 
invariance of the Klein-Gordon action ^ and, hence the 
coupling of this action to the Einstein gravity will ex- 
plicitly break this invariance. In three dimensions, the 
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action Q can be seen as the source of conformal gravity 
governed by the Cotton tensor and consequently the full 
system enjoys the conformal invariance. In this case, the 
three-dimensional field equations become 



□5- = ii?^' + 6|^'p*, 
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(13a) 
(13b) 



where the energy-momentum tensor T^^ is given by the 
expression dsj with D = i and Cp,y is the Cotton tensor 
defined by J^] 



(14) 



This tensor is symmetric, identically conserved and trace- 
less. Hence, since the Cotton tensor enjoys the conformal 
symmetry, it is easy to see that in the frame 



9n 



P 9i^u, 



the equations of three-dimensional conformal gravity 
with source (|13|) become a massless Klein-Gordon equa- 
tion for the phantom field, i.e. D'9 = 0, together with 



1 



A^Od.O + 7:9' 9^03' 



(,15) 



where /i = —k/8. We recognize the equations describing 
a phantom scalar field acting as a source for topologically 
massive gravity with cosmological constant. To be more 
precise, in order to make contact with topologically mas- 
sive gravity the signs of the topological mass fi and the 
dimensionless parameter k must be different. This ambi- 
guity is irrelevant when the constants of the problem are 
not tied since we are just mapping solution of a system 
to solution of another one. 



B. Examples 

In what follows, we provide three explicit examples of 
the correspondence. The first two ones are given by the 
Siklos spacetime which provides a natural setup of the 
machinery described before since this spacetime is con- 
formally related to a pp wave geometry. The third exam- 
ple is an ultra static wornihole solution of the Einstein 
equations with a phantom source. 



This metric belongs to the class of Siklos spacetimes 
which are the only non-trivial Einstein spaces conformal 
to non-flat pp waves. These metrics are of importance in 
the study of propagation of gravitational waves in pres- 
ence of a cosmological constant. Recently, real scalar 
fields nonminimally coupled to this geometry have been 
derived in three dimensions 9]. 

We assume that the null Killing field fc''9^ = 9„ is 
also a symmetry of the phantom scalar field, that means 
9 — 6{u, y, x). In this case, it is easy to see that the only 
non- vanishing component of the Einstein tensor with cos- 
mological constant is the one along the retarded time 
(uu) that reads 



G 



_ ^ 



^-{idyyF)y-{D-2)dyF 



2y 



Moreover, the remaining Einstein equations reduce to the 
vanishing of the energy-momentum tensor 1?^,^ which in 
turn imply that the function 6 depends only on the re- 
tarded time, 9 — 9{u). Finally, the integration of the 
MM— component of the Einstein equations yields for D ^ Z 



F{u,y) 



id^9)Y + C{u)y^'\ (17) 



while in three dimensions the structural function is given 
by 

F{u, y) - ^Kdu9fy^ \ny + A{djfy^ + C{u)y\ (18) 

In both cases, the real scalar field 9 is an arbitrary func- 
tion of the retarded time and C is an undetermined in- 
tegration function of the retarded time. 

By engineering inverse, we conclude that the following 
complex scalar field 



«'(u,y) 



{D-2) 



9{u) 



together with the pp wave metric 



(19) 



r>-3 



ds^ = -F{u, y)du^ - 2dudv + dy^ + dxj, (20) 

i=l 

satisfy the non-linear Klein-Gordon equation with van- 
ishing energy- momentum tensor H4I5|I . 



The pp wave metric and the Siklos spacetime 



Conformal gravity in three dimensions with Siklos 
spacetime 



We propose to solve the Einstein equations with a 
phantom source Q in Z? dimensions with a geometry 
given by 



,2 {D-2) 
ds = 



8A2/2 



— F{u, y)dv?' — 2dudv + dy"^ 
+dx\ -|- • • • -|- dx']j_^ 



(16) 



We now consider the equations of topologically massive 
gravity with cosmological constant with a source given 
by a phantom scalar field (|15|l . As previously, we look 
for a geometry whose line element is given by the Siklos 
spacetime 



ds' 



8A2/2 



F(m, y)du'' — 2dudv + dy' 



(21) 
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In this case, the only non-vanishing component of the 
left hand side of the equations is the one along the 
retarded time uu. As previously, the vanishing of the re- 
maining component of the energy-momentum tensor im- 
plies that the scalar field 9 depends only on the retarded 
time u, and hence the component uu of the equations 
(fT^ becomes 

y 9yyyF + ^ {v^ dyyF ~ V dyF) = -8 (d^Of . 

For a coupling constant 2A ^ (k/16)^ , the integration of 
this equation yields 



Fiu,y) =Ciiu)y^ + C2{u)y^+^ 



(22) 

(k-48\/2A) 
(K-16V2A) (k-16V2A)2' 

where Ci and C2 are two undetermined functions of the 
retarded time. For the special coupling 2A = (k/IG)^, 
the solution is 

F{u, y) = Ci(u) + C2{u) yHny + ^{duefy\\nyf . 

(23) 

Hence, using the correspondence one concludes that for a 
couphng constant 2A ^ (k/IG)^, the complex scalar field 
given by 



* = 



1 



\/V8Ay 



9(u) 



(24) 



together with the pp wave geometry for which the met- 
ric function F{u^ y) is given by H22|l are solutions to the 
three-dimensional conformal gravity equations For 
the special coupling 2A = (k/IG)^, the metric function of 
the pp wave geometry is given by H23|l and the complex 
scalar field is 



* = 



ie{u) 



where is an arbitrary function of the retarded time. 



3. Massless wormholes in four dimensions 

In four dimensions, there exists a regular ultra static 
wormholc solution of the Einstein equations without cos- 
mological constant, i.e. equations 10 with A = 0. The 
metric solution in isotropic coordinates reads 

r2 / 1 \ ^ 

ds^ = -df + — [l + {dx"^ +dy^ + dz^), (25) 

with = + + and, the phantom scalar field 9 is 
given by 



3 V 2r 



The spatial sections have the form of an Einstein-Rosen 
bridge joining two isometric regions each with vanishing 
ADM mass. The wormhole metric H25II can be seen as 
the conformal of itself and, hence the complex scalar field 
defined by 



(27) 



(26) 



with the wormholc metric (|25|l are also solutions of the 
original equations (|4I5II without self-interacting potential 
A = 0. 



III. DISCUSSION 

Here, we have shown that a phantom field coupled to 
gravity can be put in equivalence with a conformally in- 
variant complex scalar field. The spacetime geometry of 
both systems are conformally related with a factor pro- 
portional to a power of the module of the complex scalar 
field while its phase plays the role of the phantom field. 
This last fact legitimates the reason for which the phan- 
tom kinetic term enters in the action with the opposite 
sign. Indeed, being purely imaginary its kinetic expres- 
sion arises with a negative sign. In the current litera- 
ture, the phantom field and its peculiar dynamics have 
been introduced to model the observed acceleration of 
the scale factor of the universe. In view of the correspon- 
dence reported here, an interesting and natural work will 
consist to analyze the cosmological consequences of in- 
terpreting the phantom field as a conformally invariant 
complex scalar field. 

We have also established that the correspondence al- 
lows to map solutions of the conformally action to those 
of the phantom field minimally coupled to gravity. The 
converse is also valid with the advantage that it offers 
more possibilities of mapping. For a metric and a phan- 
tom field satisfying the Einstein equations with a mass- 
less Klein-Gordon equation, one can generate a wide va- 
riety of solutions of the non-linear Klein-Gordon equa- 
tion with vanishing energy-momentum tensor. All these 
possibilities are due to the freedom of rewriting a met- 
ric as the conformal of another metric, and each of these 
choices will yield to a different solution of the non-linear 
Klein-Gordon equation with T^^ = 0. However, in all 
these cases the complex scalar field solutions will have 
the same phase and, in some sense they will belong to a 
same class of equivalence. In particular, it is intriguing 
that the same metric can described both systems pro- 
vided that the complex scalar field is only given by a 
phase term. 

Finally, to conclude it would be desirable to have a 
physical interpretation of this correspondence. 
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APPENDIX A: CONFORMAL 
TRANSFORMATIONS 

We consider a conformal transformation of the metric 
g/iu S-S 



G' 



Guv 



P {D-2) p2 
{D - 1) V^pV^p 



Op 

IP 2{D- 2) 



9nu = P°-"- 9iiu, 



Under this transformation, the operator □ = V^V^ be- 
comes 

pD-2 nO-2 



p' 

□' - -r^{dc.p)d0 

p 



The scalar curvature becomes 



R' 



1 



pD-2 

R = pT^ 



R 



iD-2) 



^, , jp-i) (2ap o'^^^y^vpp 



or equivalently 



Gnu — G[ 



p D-2 p2 

{iP - 7) .9'"''v«pVgp ' 
P 2{D-2) p2 
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